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Shelah’s Theorem

Suppose X is a path-connected and locally path-connected
compact metric space (aka a Peano continuum).

(i) If X is semi-locally simply connected, then π1(X) is finitely
generated.

(ii) If not, then π1(X) contains a perfect set.

The first part is purely topological. The second part follows from
standard facts in classical DST.

Shelah [8] originally proved this by forcing and absoluteness
argument. Pawlikowski [7] gave an easier proof using classical
DST.
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Fundamental group

A space X is path-connected if for any x, y ∈ X, there exists
f : [0, 1]→ X s.t. f(0) = x and f(1) = y. It is locally
path-connected if path-connected open sets form a basis.

Fix a base point x0 ∈ X. A loop in X is an f : [0, 1]→ X s.t.
f(0) = f(1) = x0. ΩX is the Polish space of all loops in X.
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Fundamental group

f, g ∈ ΩX are homotopic if there exists H : [0, 1]× [0, 1]→ X s.t.
H(s, 0) = f(s), H(s, 1) = g(s), and H(0, t) = H(1, t) = x0 for all
t ∈ [0, 1].

This is an analytic equivalence relation on ΩX, denoted ∼X , and
the equivalence class of f is denoted [f ]. π1(X) = ΩX/ ∼X is the
collection of all equivalence classes.
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Fundamental group

For f, g ∈ ΩX define f · g by:

f · g(s) =

{
f(2s), 0 ≤ s ≤ 1/2

g(2s− 1), 1/2 ≤ s ≤ 1

This induces an operation on π1(X) by [f ] · [g] := [f · g]. The
identity element is (the equivalence class of) the constant map
f(s) = x0, and the inverse of [f ] is represented by f̄(s) = f(1− s).
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Fundamental group

Associativity: f · (g · h) ̸= (f · g) · h, but they are homotopic.

A base-point preserving map Φ : X → Y induces a group
homomorphism Φ∗ : π1(X)→ π1(Y ), [f ] 7→ [Φ ◦ f ].
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Examples

π1(Rn) = 1, π1(S) = Z, π1(S ∨ S) = Z ∗ Z.

Similarly π1(
∨

α∈I Sα) is the free group on |I| many generators.
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Examples

Given f : Y → X, the mapping cone is obtained from
Y × [0, 1] ⊔X by identifying (y, 1) with f(y) and collapsing
Y × {0} to a point.

Attaching mapping cones to
∨

α∈I Sα can create any desired
fundamental group.
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Connectedness

X is simply connected if it is path-connected and π1(X) is trivial.

X is locally simply connected if it is path-connected and simply
connected open sets form a basis.

X is semi-locally simply connected (slsc) if each point x0 has a
neighborhood U s.t. the map i∗ : π1(U)→ π1(X) induced by
inclusion i : U → X is trivial, i.e., any loop at x0 in U can be
homotoped to the constant map in X.

Examples of lsc spaces: manifolds, CW complexes
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Connectedness

Non-slsc: the Earring space E =
⋃

n≥1Cn, where Cn is the circle

(x− 1/n)2 + y2 = (1/n)2.

π1(E) is quite wild. For example an f : [0, 1]→ E can traverse Cn

during [1− 1
2n−1 , 1− 1

2n ].
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Shelah’s Theorem

Theorem (Shelah)

Suppose X is a path-connected and locally path-connected
compact metric space.
(i) If X is slsc, then π1(X) is finitely generated.
(ii) If X is not slsc, then there is a perfect set of non-homotopic
loops in ΩX.

First part: similar to the proof that the fundamental group of a
manifold is countable.

It has been shown that π1(X) is in fact finitely presented [2, 4].
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Shelah’s Theorem

Second part: not slsc means there is a point x0 ∈ X s.t. any
neighborhood U ∋ x contains an essential loop, namely one that is
non-trivial in X. So around that point X looks like the Earring
space E.

Let fn be an essential loop at x0 with diameter ≤ 1/(n+ 1). For
c ∈ 2ω, define fc : [0, 1]→ X as follows: on [1− 1

2n , 1−
1

2n+1 ], if
c(n) = 0 then fc stays at x0; if c(n) = 1 then fc traces fn.

If c1, c2 differ at exactly one digit, then fc1 , fc2 are non-homotopic.
The result then follows from Mycielski’s Theorem and:

Proposition

Suppose E is an analytic equivalence relation on 2ω s.t. ¬c1Ec2
whenever they differ at exactly one digit. Then E is meager.
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The Earring group

π1(E) is uncountable and often considered “wild”.

However, it
does admit a fairly concrete description.

Let En =
⋃

1≤m≤nCm. π1(En) is Fn = ⟨g1, . . . , gn⟩, the free
group on n generators.
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The Earring group

E

· · · E3 E2 E1

π1(E)

· · · F3 F2 F1

There is a natural map φ : π1(E)→ lim←−n
Fn.

Theorem (Shape injectivity, Morgan–Morrison [6])

φ is injective.
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The Earring group

The map from Fn+1 to Fn sends gn+1 to 1 and is identity on other
generators.

An element of lim←−n
Fn is a coherent sequence of reduced words

w⃗ = (· · · , w3, w2, w1), such as:

(· · · , g1g2g3g
−1
1 g−1

3 g−1
2 , g1g2g

−1
1 g−1

2 , 1)

For each fixed k, the number of times that gk appears in wn is
non-decreasing as n→∞.

Theorem (Morgan–Morrison [6])

w⃗ is in the image of φ : π1(E)→ lim←−n
Fn iff for each k, the

number of times that gk appears in wn is eventually constant.
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Recap

▶ ∼X , homotopy of loops in X, is an analytic equivalence
relation on the loop space ΩX.

▶ If X is a path-connected and locally path-connected compact
metric space, then either ∼X Borel reduces to idω or id2ω

continuously reduces to ∼X .

▶ ∼E is smooth. In fact there is a reduction to idR with Borel
image, so the reduction is faithful.

Question

What can we say about the complexity of ∼X in general, say for a
path-connected Polish space X?
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Becker’s Theorem

For any Polish space X, the equivalence relation “there is a path
connecting x and y” is analytic.

Becker [1] showed that there is a Polish space X with exactly ℵ1
many path-components. More generally:

Theorem (Becker)

Any analytic equivalence relation is Borel bireducible with the
path-connectedness relation on some compact K ⊆ R3.

18 / 29



Becker’s Theorem

For any Polish space X, the equivalence relation “there is a path
connecting x and y” is analytic.

Becker [1] showed that there is a Polish space X with exactly ℵ1
many path-components.

More generally:

Theorem (Becker)

Any analytic equivalence relation is Borel bireducible with the
path-connectedness relation on some compact K ⊆ R3.

18 / 29



Becker’s Theorem

For any Polish space X, the equivalence relation “there is a path
connecting x and y” is analytic.

Becker [1] showed that there is a Polish space X with exactly ℵ1
many path-components. More generally:

Theorem (Becker)

Any analytic equivalence relation is Borel bireducible with the
path-connectedness relation on some compact K ⊆ R3.

18 / 29



Becker’s Theorem

For any Polish space X, the equivalence relation “there is a path
connecting x and y” is analytic.

Becker [1] showed that there is a Polish space X with exactly ℵ1
many path-components. More generally:

Theorem (Becker)

Any analytic equivalence relation is Borel bireducible with the
path-connectedness relation on some compact K ⊆ R3.

18 / 29



Becker’s Theorem

There is a continuous map T 7→ KT from Tr (trees on ω) to
K([0, 1]2) such that T ∈ IF ⇔ KT is path-connected. See
Theorems 33.17 and 37.11 of Kechris [5].
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Becker’s Theorem
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Becker’s Theorem
Idea: Let E be an analytic equivalence relation on 2ω. Code E as
A ⊆ 2ω. There is a tree T on 2× ω s.t. c ∈ A⇔ Tc ∈ IL.
Consider the map c 7→ KTc .
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Free group on X/E

Suppose E is an analytic equivalence relation on X. Consider the
Polish space F (X) of all reduced words in X. Let NE be the
normal subgroup generated by {x−1y : xEy}, and F (E) be the
coset equivalence relation. F (X)/F (E) is naturally identified with
the free group on X/E.

Theorem (W. [11])

For any analytic equivalence relation E, there is a path-connected
compact L ⊆ R5 s.t. ∼L is Borel bireducible with F (E).

In particular, if E ∼B F (E) then E can be realized as ∼L.
Examples include E0, E∞, E1, the universal AER, etc.
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Non-examples

Suppose E is an AER on X and f : (X,E)→ (ΩY,∼Y ) and
g : (ΩY,∼Y )→ (X,E) are reductions.

Then f and g induce injections between X/E and
ΩY/ ∼Y = π1(Y ), so by Cantor–Bernstein there is a bijection
between X/E and π1(Y ). In particular X/E is a group.

Fact

If ω1 does not inject into R (e.g., if all sets are Lebesgue
measurable), then R ⊔ ω1 does not have a group structure.

So if all sets in L(R) are Lebesgue measurable, then idR ⊔ idω1 is
not bireducible with ∼Y for any Y , in any reasonable sense: Borel,
∆1

2, etc.
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Non-examples

Suppose E is an AER on X and f : (X,E)→ (ΩY,∼Y ) and
g : (ΩY,∼Y )→ (X,E) are reductions.

For each h ∈ ΩY , the map x 7→ g(f(x) ·h) is a self-reduction of E.

If h1 ̸∼Y h2 then g(f(x) · h1) ̸E g(f(x) · h2), ∀x ∈ X. So there
are many “non-equivalent” self-reductions of E.

Thomas [9, 10] showed that there is a CBER E with an ergodic
measure, such that for any self reduction f of E, we have f(x)Ex
on a measure one set. Such an E cannot be bireducible with ∼Y .
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Questions

Question 1

Is the dimension 5 optimal?

Question 2

What contraints do topological properties such as local
path-connectedness put on the complexity of ∼X?

Consider HA, the harmonic archipelago space:
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Questions

It can be shown that ∼HA is Borel and above E1.

Also consider
GS, the Griffiths twin cone space:

Corson [3] showed in 2025 that
π1(HA) and π1(GS) are iso-
morphic. The proof uses lots of
choice, e.g., transfinite induc-
tion of length continuum.

Question 3

Are ∼HA and ∼GS Borel bireducible?
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